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Antoine-Augustin Cournot and the Mathematization of Economics
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 Introduction

An accomplished but not extraordinary mathematician in his own right, A. A. Cournot was ages ahead of his time as an economist.  His Researches into the Mathematical Principles of the Theory of Wealth
 (1838) was the first book to broadly apply mathematical functions to economic relationships.  Covering more ground in one book than most academics do in their entire careers, Cournot went on to apply differential and integral calculus in order to analyze the functions and relationships.  Cournot’s economic work went largely unnoticed during his lifetime, but it laid much of the groundwork for the so-called “Marginalist Revolution” which revolutionized the study of economics through the application of calculus roughly thirty years later.

Biography

Antoine Augustine Cournot (August 28, 1801-March 31, 1877) was born and raised in Gray, France.  Following his secondary education, he worked in a lawyer’s office.  In his leisure time, he read the works of Laplace and correspondences between Leibniz and Clarke.  With a newfound interest in mathematics, he sought higher education and studied under Laplace, Lagrange, and Lacroix among others.  From 1823-1830, Cournot worked for Laurent, Marquis de Gouvion-Saint-Cyr, primarily assisting the Marquis in publishing his memoirs.  During this time, Cournot published eight mathematical papers and defended his doctoral thesis in 1829.  These works caught the eye of his former teacher, the influential Siméon Denis Poisson.  Following the Marquis’ death, Poisson secured a series of academic positions for Cournot.  Cournot served the bulk of his academic career as an administrator from 1835-1862 in a variety of posts.  Following his retirement from public service, he continued to publish works until his death (Granger 539-540 and Theocharis 129-131).


Cournot was a well-regarded mathematician in his day, but offered little in the way of lasting, original mathematical insight.  He published works regarding the relationships between geometry and algebra, calculus and statistics, and calculus and function continuity (Theocharis 130).  His most influential piece of academic work was his Mathematical Principles.  

Cournot struggled with failing vision throughout his life.  As his eyesight deteriorated and his Mathematical Principles went largely unnoticed, he focused on writing more theoretical works.  His later economic works amount to little more than rehashed versions of Mathematical Principles without the mathematics that made it important.  In his later life, he also wrote philosophical works, often regarding the relationship between science and philosophy.  During his lifetime, his peers primarily regarded him as a model civil servant (Granger 540).

Mathematical Principles of the Theory of Wealth (1838)

In the preface to Mathematical Principles, Cournot brilliantly describes the need for mathematics in economics.  Respecting that theory plays an important part in the development in a science, he notes that no science had ever needed math more than economics and that economics had neglected mathematics more than any other science (Cournot 1-5).  With this one book, Cournot changed the course of the study of economics from being an almost entirely theoretical discipline to being an almost entirely mathematical discipline today.

Cournot sought not to complicate the study of economics, but rather to quell the widespread fear of mathematics in the study of economics.  The math in Mathematical Principles was not groundbreaking in and of itself.  “I hardly dare to hope that it will deserve the attention of professional mathematicians, except as they may discover in it the germ of questions more worthy of their powers” (Cournot 4).  Cournot’s great contribution to the history of economic thought is that he revealed that the abstraction and simplification of many basic economic theories was well within the reach of even novice mathematicians.  As one historian explained:

Cournot possessed a grand vision of what economic theory could be – a box of tools, rooted in empiricism, which would constitute the organizing principles in analyzing myriad economic problems.  This cognizance, so tragically ignored by his contemporaries, carried him to a pinnacle of achievement seldom reached in the history of economic theory (Ekelund 217).

Cournot filled the void in which generations of economists had failed to synthesize existing mathematical ideas with theories of political economy.  
Cournot could easily be described as the unqualified Godfather of Mathematical Economics.  Testament to his singularity in the field is easy to find; Reghinos Theocharis’ Early Developments in Mathematical Economics devotes 108 out of 236 pages of text to Cournot.  In the preface to his seminal Elements of Pure Economics
, Léon Walras pays homage to Cournot (Walras 37).
Historical Context
Given the millennia it took humanity to develop the modern concept of a mathematical function, it is not surprising that it took nearly a century for mathematical analysis to be broadly applied to modern economic study.  Adam Smith’s Wealth of Nations
 established the modern study of economics in 1776.  Cournot’s Mathematical Principles (1838) was the first book to broadly apply mathematical analysis to the study of economics.  It was not until the 1870s when Léon Walras and William Stanley Jevons popularized mathematical economics.

 Smith’s Wealth of Nations reads nothing like a textbook.  In fact, most readers need a textbook to get through reading it.  Relationships between different variables are only vaguely identified as being direct or inverse.  Wordy examples crowd the text – hordes of pages elapse between distinct ideas.  The book comes from the literary tradition of 18th century social scientists who seemed more concerned with committing all of their thoughts to ink and paper rather than with developing cohesive, complete arguments.  Contrarily, Cournot wrote succinctly, and utilized the language of mathematics to illustrate relationships between variables – a welcome innovation.

The Law of Demand

Economists had long noted that ceteris paribus
, as the price of a good increases, the quantity demanded of that good decreases.  Cournot suggested that “[we] admit therefore that the sales or the annual demand
 D is, for each article, a particular function F(p) of the price p of such article” (Cournot 47).  While this is a simple conjecture for a math analyst, it was a great leap of faith for a social scientist.  Given quantity demanded
 as a function of price, the revenue accrued through the sale of the good would be:


Total Revenue
 = pF(p)

a function with relative extrema when 


pF’(p) + F(p) = 0 

Cournot went on to explain how the second derivative test reveals whether these extrema are relative maxima or minima.  


To his credit in the history of economic thought, Cournot noted that for some luxury goods, quantity demanded and price are positively related.  He suggested that if someone found a way to produce diamonds cheaply, they might cease to be used in jewelry (Cournot 48).  Holding true to the adage that no concept in science is appropriately named, these goods are commonly called “Veblen goods” named after Thorstein Veblen, an economist who was not born until nineteen years after Cournot published Mathematical Principles.

Profit Maximization


Next in Mathematical Principles, Cournot describes mathematically how a monopolist maximizes profits
.  The math is at times difficult to follow, but was cleaned up and clarified by subsequent economists.  It would be difficult for a beginner in economics to learn the principles of microeconomics from Cournot’s work just as it would be difficult to learn calculus and geometry from the original works of Leibniz and Euclid, respectively.  This paper will explain the principles in modern notation, since it is easier to follow.  With this in mind, standard conventions of modern economics generally graph price and costs as functions of quantity.


The basic principle of profit maximization as revealed by Cournot is that profit is maximized in a production process when marginal revenue is equal to marginal cost.  In his words, “whatever may be the abundance of the source of production, the producer will always stop when the increase in expense exceeds the increase in receipts” (Cournot 59).  This can more easily be explained as follows:


Profit = (Total Revenue) – (Total Cost) 


or: π = TR – TC

Given:

Marginal Cost = d(Total Cost)



      dQuantity

Marginal Revenue =  d(Total Revenue)



             dQuantity

Then:     dπ  =  dTR – dTC
              dQ      dQ      dQ

or:
π’ = MR – MC

Hence, π is maximized when:

MR – MC = 0

or:
MR = MC
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At Q3, TR = TC, and so the firm makes no profit. At Q2, TR is maximized.  At Q1, the difference between TR and TC is maximized and hence, profit is maximized.

Theory of Duopoly

The concept with which Cournot’s name is most commonly associated is his theory of duopoly
 which examines the behaviors of two competitive firms producing a homogeneous product.  His model has been reviewed and revised over the years – it is by no means the quintessential duopoly model, but it served as a foundation for many models to come, and illustrates interesting relationships between competitive firms.


Since the model assumes a homogeneous product, the firms must sell their product at the market price, which is a function of the total quantity of the good they produce.


QT = Q1 + Q2

P = f (QT) = f (Q1 + Q2)



= AR = Average Revenue

Hence, TR1 = P*Q1 = f (Q1 + Q2) * Q1

TR2 = P*Q2 = f (Q1 + Q2) * Q2
Given arbitrary cost functions for the firms in terms of Q:


TC1 = C (Q1) 

 
TC2 = C (Q2)

We can evaluate the profit functions for the firms:


π1 = f (Q1 + Q2) * Q1 – C(Q1)

 
π2 = f (Q1 + Q2) * Q2 – C(Q2)

Since these are each functions of Q, we can differentiate to find:

δπ1 = f’(Q1 + Q2) * Q1 + f (Q1 + Q2) – C’(Q1) 

δQ1

δπ2 = f’(Q1 + Q2) * Q2 + f (Q1 + Q2) – C’(Q2) 

δQ2

Or, more generally, 

δπn = AR’ * Qn + AR - MCn
δQn
When these first partial derivatives are set equal to zero and solved for their respective optimal levels of production (Q*n), they yield functions for optimal production levels for each firm in terms of the other firm’s production.  These are denoted:


Q*1 = ψ(Q2)


Q*2 = ψ(Q1)

When these reaction functions are plotted on a graph, they reveal the following:
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Suppose Firm 1 produces the arbitrary quantity A.  Firm 2 will react to this level of production by producing the quantity B.  Firm 1 will then boost their production of the good to the quantity C.  The respective quantities the two firms will tend towards the point E*, the equilibrium for this system.  Point E is generally called the Cournot outcome
.  In analyzing this and other systems, Cournot was a pioneer in the analysis of the stability of economic equilibria (Ekelund 216).

Conclusion

Cournot once wrote, “Political Economy is the hygiene and pathology of the social system” (Cournot 16).  His contribution to the discipline cannot be overstated.  Some economists had attempted to apply mathematical analysis to economics before him, but none did so as broadly or as successfully as he did.  Although often overlooked as a pioneer in economic thought, Cournot is primarily responsible for bringing mathematics to the discipline.  Few have done as much as he did to translate classical economic theory into simple terms and, in the process, put new conclusions and extrapolations within the reach of even novice minds.  Today, the study of economics is dominated by mathematics.  Modern economic discourses are almost exclusively mathematical, far removed from the prose of Adam Smith and Thomas Malthus.  Cournot’s example shows how the simple synthesis of academic disciplines is often far more influential than headline-grabbing abstruse conjecture.
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� Recherches dans les principes mathématiques de la théorie des richesses (1838)


� Eléments d'économie politique pure: ou, Théorie de la richesse sociale (1874)


� Full title: An Inquiry into the Nature and Causes of the Wealth of Nations (1776)


� Literally “all else equal” in Latin – holding all other variables constant


�Cournot used the words “sales” and “demand” interchangeably, noting that “theory [need not] account for any demand which does not result in a sale” (Cournot 47).


� Use of the phrase “quantity demanded” is anachronistic.  While Cournot did make use of this phrase, he generally preferred to ambiguously use the word “demand” instead.


� “gross receipts” to Cournot 


� “total receipts” to Cournot


� It seems some of his other contributions to economics have become public domain; textbooks make no note of “Cournot’s Law of Demand” or “Cournot’s Law of Profit Maximization.”


� Or Cournot-Nash outcome since this is a Nash Equilibrium
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